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Several authors have studied hyperplane mean values of nonnegative 
subharmonic functions (see, e.g., [2] and the papers cited there). The study 
of such means for nonnegative superharmonic functions was begun more 
recently [ 1,6], and the superharmonic case is turning out to be the sim- 
pler. The purpose of this paper is to sharpen and extend some of the results 
obtained in [ 1 ] and [6]. 
If w is a nonnegative superharmonic function on the open half space 
D=R”x]0,oo[={(x,t):xER”,t>0}, 
where n >/ 1, and if @: [0, co [ -+ [0, co [ is a nondecreasing function, we 
extend @ by writing @(cc ) = lim, j m @p(u), which may be co, so that the 
composite function Q(w) is well defined, and we write 
M@(w); f) = jRn @(4x, t)) dx. 
Then M(@( w); . ) is a nonnegative function on 10, cc [, the value co being 
permitted. It might be expected that, in the superharmonic ase, @ would 
have to be concave, so that C@(W) would be superharmonic, since 
interesting results in the subharmonic case have been obtained only for 
convex @ (see, e.g., [2, 33). However, most of our results do not require @ 
to be concave. 
In [ 1, Theorem l(ii)], it was shown that w is positive and superhar- 
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manic on D and if 0 <p < n/(n + 1 ), then M(wP; . ) = cc on 10, co [. Our 
first theorem sharpens this result. 
THEOREM 1. Let @: [0, 00 [ + [0, 00 [ be nondecreasing. rf 
[ @(u)u-- (2n + 1 )/(n + 1) du = oo, 
JO 
(1) 
then M(@(w); . ) E CO on 10, CO [ for any positive superharmonic function w 
on D. 
This result is sharp in the sense that there exists a positive (super)harmonic 
function h on D such that M(@(h); .) < EI on IO, co[ for any non- 
decreasing @ which fails to satisfy (1). 
In [6, Theorem 11, it was shown that if 
@(u)/u + cc (u-O+) 
and w is positive and superharmonic on D, then 
M(@(w); t) --f cc (t + 03). 
Our next theorem improves this result. 
(2) 
(3) 
THEOREM 2. Zf @: 10, GO [ + 10, 00 [ is nondecreasing and w is positive 
and superharmonic on D, then there exists a positive number C such that 
lim inf M@(w); t) > o 
I-cc tn@(Ctrn) . 
(4) 
Note that if (2) holds, then t’W(Cttn) + co as t + co, so that Theorem 2 
gives a lower estimate for the rate at which M(@(w); t) tends to infinity 
with t. In the absence of condition (2), Theorem 2 does not imply (3) but 
does imply that M(@(w); t) cannot tend to zero rapidly as t -+ co. 
A special case of Theorem 2 is the following: 
COROLLARY. if p > 0 and w is positive and superharmonic on D, then 
lim inf tncP ~ “M( wp; t) > 0. (5) ,+oO 
In view of [ 1, Theorem l(n)], quoted above, this corollary is of interest 
only when p > n/(n + 1). The case where n/(n + 1) <p < 1 was considered in 
[ 1, Theorem 21, and the method of proof in [l] yields (5) in this case 
(although the statement in [ 1 ] is weaker than the above corollary). 
In general, as we shall show by an example in the half-plane (n = l), the 
value of C in Theorem 2 will depend on the function w. However, the con- 
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elusion of Theorem 2 can be strenghtened if a further condition is imposed 
on @: 
THEOREM 3. Let @: 10, co [ + 10, co [ be a nondecreasing function such 
that there exist a positive number 6 and a function A: ] 1, 00 [ -+ 10, cc [ such 
that 
Q(v) d I(!.+) Q(u) (6) 
whenever 0 <u < v < 6. If w is positive and superharmonic on D, then (4) 
holds for all C > 0. 
Note that (6) is satisfied (with A(u) = u) if @ is concave on 10, S[. 
Our final result is a generalization of part of [ 1, Theorem 31, in which 
the case where Q(u) = up (n/(n + 1) <p < 1) was considered. 
THEOREM 4. Let @: [0, cc [ + [0, KI[ be a nondecreasing, strictly con- 
cave function, and let w be a nonnegative superharmonic function on D such 
that M(@(w); to) < 00 for some t, > 0. Then I = M(@(w); 0+ ) exists and is 
finite. Further, if 
M(@(w); t) = I+ o(t) 
as t-+0+, then w=O on D. 
2 
Theorem 2 and the first part of Theorem 1 are proved by altering the last 
part of the proof of [6, Theorem 11. For the sake of completeness, the part 
of the proof in [6] that we retain unaltered is reproduced here. 
Let s be a positive number. By a result of Kuran [4, Theorem 61, the 
greatest harmonic minorant u of w on R” x Is, co [ is given by 
v(x, t)=k(t-s)+[ P(x-y, t-s) w(y,s)dy, 
R” 
where k is a nonnegative constant and P is the half-space Poisson kernel, 
given on D by 
P(x, t)=d,t(llxll*+ t2)~(“*)@+l), 
d, = 71-(‘/2)(n+ “r(+ + t), 
jlxll being the euclidean norm of x. In view of the triangle inequality or of 
[S, Lemma 53, we have 
P(x-y, t-s) 
1 
llxl12 + (t -s1* 
P(x, t-s) = Ily-xll*+(t-s)* 
i”‘“‘“‘” ~ { l,~,:z:;rs~)2~l’*‘(n+ 1) 
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for all (x, t) E R” x Is, cc [ and all y E R”. Further, if t z 2s, then 
(t-s)2 s2 
Ilvl12+(t-~)23 IM12+s2’ 
so that, if (x, t)~ R” x [2s, co [, then 
P(x-y, t-s) 
P(x, t-s) 
a {11’cW~~2}l”““+ ” 
Hence, since w 2 u on D and k 3 0, we have, whenever (x, t) E R” x 
Ch mc, 
say, where c > 0 and c depends only on s, n, and w. Hence, if t 2 2s, 
M(@(w); t) 2 [ @(cP(x, t-s)) dx. (7) 
R” 
To complete the proof of the first part of Theorem 1, note next that 
when llxll b t -s, we have 
cP(x, t-s)3Allxll-“-1, (8) 
where A = cdn2-(‘/2)(n+ l) (t - s). Writing B for a positive constant, 
depending only on n and not necessarily the same on any two occurrences, 
we obtain from (7) and (8) that, for t b 2s, 
= B 
I 
m @(Ap-“-‘) p”-‘dp 
-Bf @P(u) 2.4 
-(2n+l)/@+l,& 9 0 
whence the result follows, since s and t are arbitrary (save that t 2 2s > 0). 
To complete the proof of Theorem 2, note that if t > 2s and llxll < t, then 
P(x, t-s)>,d,(t-s)(t2+(t-s)2)-(“2)(n+’) 
> B(t-s) t-“-l> Bt-“, 
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so that, by (7), there exists a positive number C, depending 
and W, such that 
only on S, n 
M@(w); t) 2 j,,x,, <  @(Ct-‘Y dx 
= Bt”@( Ct -“), 
and the proof is complete. 
As an example to prove the second part of Theorem 1, let h be given on 
D by 
h(x, t)=(d,)-lP(x, t)=t(1/~11’+t~)-(~‘*)(~+l). 
Then h is positive and harmonic on D, and for all t > 0, 
s 
Q(u) u- (*n+I)/(n+l)du 9 
0 
which is finite if (1) fails. 
3 
The following example in the half-plane shows that, in general, the con- 
stant C in Theorem 2 depends on w. Let @ and w be defined on 10, co [ 
and R x 10, cc [, respectively, by 
@i(u) = e - “u, w(x, t)=kt(X2+t*)-‘, 
where k > 0. Then @ is positive and increasing on 10, co [ and w is positive 
and harmonic on R x 10, co [ (w is proportional to the Poisson kernel I’). 
Also 
lim W@(w); f) = o 
,-cc tcqct-‘) 
if C> k, 
=oO if O<C<k. (9) 
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To prove (9), note that the ratio on the left is 
t-let/c co 
I exp( -(x2 + t2)/(kt)) dx 
=sexp((C-‘-kP’) t). 
4 
Now we prove Theorem 3. By Theorem 2, (4) holds with some positive 
number C’. Let C be any positive number. If C6 C’, then @(Ct-“) d 
@(C’t-“) for each t > 0, since @ is nondecreasing, and the conclusion (4) 
follows. If C> C’, then by (6), 
@(Ctr”) d A(C/C’) @(C’trH) 
whenever t > (C/6)““, and again (4) follows. 
5 
To prove Theorem 4, note first that Q(w) is nonnegative and superhar- 
manic on D. Hence it follows from the case p = 1 of [ 1, Theorem 31 that 1 
exists and is finite, and that Q(w) is harmonic on D. Define Y(U) for 
- cc < u < 0 by putting Y(U) = - @( -u). Then Y is nondecreasing, strictly 
convex, and defined on the range of -w. Since -w is subharmonic on D 
and !P( -w) = -G(w) is harmonic on D, it follows from a result of Flett 
[3, Theorem 51 that w is constant. Since M(@(w); to) < co, we must have 
Q(w)=0 on D. Since @ is strictly concave, this implies that w 50 on D. 
REFERENCES 
1. D. H. ARMITAGE, Hyperplane mean values of positive superharmonic functions, J. London 
Math. Sot. (2) 23 (1981), 129-136. 
2. F. T. BRAWN, Mean values of strongly subharmonic functions on half-spaces, J. London 
Math. Sot. (2) 27 (1983), 257-266. 
3. T. M. FLETT, Mean values of subharmonic functions on half-spaces, J. London Math. Sot. 
(2) 1 (1969), 375-383. 
4. 0. KURAN, Harmonic majorizations in half-balls and half-spaces, Proc. London Math. Sot. 
(3) 21 (1970), 614-636. 
5. N. A. WATSON, A limit function associated with harmonic majorization on half-spaces, 
J. London Math. Sot. (2) 9 (1974), 229-238. 
6. N. A. WATSON, Mean values of superharmonic functions on half-spaces, Mathematika 29 
(1982), 55-57. 
